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Abstract 

It is shown that an algebra A can be Ufted with nilpotent Jacobson radical 
r = r(A) and has a generalized matrix unit {ejj}/ with each en in the center of 
A = A/r iff A is isomorphic to a generalized path algebra with weak relations. 
Representations of the generalized path algebras are given. As a corollary, A is a 
finite algebra with non-zero unity element over perfect field k (e.g. a field with 
characteristic zero or a finite field ) iff A is isomorphic to a generalized path algebra 
k{D, Q, p) of finite directed graph with weak relations and dim 17 < oo; A is a 
generalized elementary algebra which can be lifted with nilpotent Jacobson radical 
and has a complete set of pairwise orthogonal idempotents iff A is isomorphic to a 
path algebra with relations. 

Introduction 



It is well known that every elementary algebra is isomorphic to a path algebra of a finite 
directed graph with relations (see [2]). In fact, every path algebra of a finite directed 
graph with relations is also an elementary algebra. The results are very useful because 
all representations of path algebras can be obtained easily. In [3] F.U. Coelho and S.X. 
Liu introduced the concept of generalized path algebras to study other algebras. 

The aim of this paper is to give the structures and representations of generalized path 
algebras with weak relations. We study generalized path algebras by using generalized 
matrix algebras introduced in [6]. In fact, every generalized path algebra is a generalized 
matrix algebra. In section 1, we study the structure of generalized matrix rings. We find 
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the relations among the decomposition of a ring, the complete set of pairwise orthogonal 
idempotents (possibly infinite many) and generalized matrix ring. This generalizes the 
theory about decomposition of rings. In section 2, we study the representations of the 
generalized path algebras. In section 3, we characterize the generalized path algebras with 
weak relations by algebras which can be lifted with nilpotent Jacobson radical. 

We say that an algebra A can be lifted, if there exists a subalgebra A of A such that 
A — A® r(A). By the famous Wedderburn-Malcev Theorem (see [4, Theorem 11.6 and 
Corollary 11.6]), for every finite dimensional algebra A over field k with char A; = 0, A 
can be lifted and r(A) is nilpotent. We shall see, in section 3, that every generalized path 
algebra with weak relations can be also lifted and its Jacobson radical is nilpotent. In 
that section we show that the converse also holds. That is, it is shown that an algebra 
A is isomorphic to a generalized path algebra with weak relations iff A can be lifted 
with nilpotent Jacobson radical r(A) and has a complete set {ejj}/ of pairwise orthogonal 
idempotents with each en in the center of A = A/r. As a corollary, A is a finite algebra 
with non-zero unity element over field A; iff A is isomorphic to a generalized path algebra 
k{D,Q,, p) of finite directed graph with weak relations and the dimension of Q is finite; A 
is a generalized elementary algebra which can be lifted with nilpotent Jacobson radical iff 
A is isomorphic to a path algebra with relations. 

Preliminaries 

Let A; be a field. We first recall the concepts of Fj-sy stems, generalized matrix rings 
(algebras ) and generalized path algebras. Let / be a non-empty set. If for any i,j, l,s & 
I, Aij is an additive group and there exists a map /liji from Aij x Aji to An (written 
IJ,iji{x,y) = xy) such that the following conditions hold: 

(i) (x + y)z = xz + yz, w{x + y) — wx + wy; 

(ii) w{xz) — {wx)z, 

for any x,y & A^j, z e Aji, w & An, then the set {A^j | i, j e /} is a F/ -system with index 
I. 

Let A be the external direct sum of {A^j \ i,j e /}. We define the multiplication in A 

as 

k 

for any x — {xij},y = {yij} G A. It is easy to check that A is a ring (possibly without 
the unity element ). We call A a generalized matrix ring, or a gm ring in short, written as 
A — \ hj ^ I}- For any non-empty subset 5" of ^4 and i,j e /, set — {a E A^j \ 

there exists x e S such that Xij — a}. If S is an ideal of A and B — \ i,j G /}, 

then B is called a gm ideal. If for any i,j e I, there exists ^ en & An such that Xijejj — 
for any Xij e A^j, then the set {en \ i & 1} is called a generalized matrix unit of 
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r/-system {Aij | i, j G /}, or a generalized matrix unit of gm ring A = \ hj ^ -^}; 

or a gm unit in short. It is easy to show that if A has a gm unit {en \ i G /}, then 
every ideal i? of A is a gm ideal. Indeed, for any x = J2i,jeiXij G B and io,jo G /, since 
^ioio^^jojo — ^iojo ^ have -BiQjo ^ B. Furthermore, if i? is a gm ideal of A, then 

{Aij/Bij \ i,j E 1} is a Fj-system and A/B = J2{^ij/Bij | i, j G /} as rings. 

If for any i,j,l,s G /, A^j is a vector space over field k and there exists a fc-linear map 
fj^iji from Aij (g) into An (written fj,iji{x,y) = xy) such that x{yz) = {xy)z for any 
X G ^ij, y G Aj;, ^ G Ais, then the set {Ajj \ i,j E 1} is a F7- system with index I over 
field k. Similarly, we get an algebra A — J2{^ij I hj G I}, called a generalized matrix 
algebra, or a gm algebra in short. 

Assume that D is a, directed (or oriented) graph {D is possibly an infinite directed 
graph and also possibly not a simple graph) (or quiver ). Let I — Do denote the vertex 
set of D and Di denote the set of arrows of D. Let Q be a generahzed matrix algebra over 
field k with gm unit {en | i G /}, the Jacobson radical r(Qii) of is zero and = for 
any i ^ j E I. The sequence x — QigXigi^ai^Xi^i^ai^Xi^i^ ■ ■ •Xi^_^i^ai^ is called a generalized 
path (or Q-path) from iq to in via arrows Xi^i^.Xi^i^, Xi^i^, • • • , Xi^_^i^, where 7^ a^^, G ^i^i^ 
for p = 0, 1, 2, • • • , n. In this case, n is called the length of x, written l{x). For two Q- 
paths X — (lif^Xif^i^ai^Xi^i^ai^Xi^i^ ■ • ' Xi^_^i^ai^ and y — bj^yj^j^bj^yj^j^bj^yj^j^ • ■ ' yj^_ijmbjm 
of D with in — jo, we define the multiplication of x and y as 

xy GigXiQi-i^Gi^Xi^i^'^i^Xi^ig ■ ■ ' Xin-lin{'^inbjo)yjojiyjlj2bjiyj2j3 ' ' ' V 3m-\3mb jm- (*) 

For any i,j G /, let denote the vector space over field k with basis being all Jl-paths 
from i to j with length > 0. Bij is the sub-space spanned by all elements of forms: 

/ (1) _|_ (2) I I {m)^ 



E(0 

1=1 



where io = i,in = j,a[[^ G ^li,i,,ai^ G Qi^i^, Xi^i^^, is an arrow, p = 0, l,---,n, t = 
0, 1, • • • , n—1, 1 = 0,1, ■ ■ ■ ,m, < s < n, n and m are natural numbers. Let Aij — A[-/ B^j 
when i ^ i and An = {A'^^ + VLn)/ Bn, written [a] = a + B^j for any generalized path a 
from i io j. We can get a A;-linear map from Aij ® Aji to An induced by (*). We write a 
instead of [a] when a G Jl. In fact, [Via] = fin as algebras for any i & I. Notice that we 
write enXij = Xijejj = Xij for any arrow Xij from i to j. It is clear that {Aij \ i,j G /} 
is a Fj-system with gm unit {en | i G /}. The gm algebra I hj £ 1} is called 

the generahzed path algebra, or Q-path algebra, written as k{D, O,) (see, [2, Chapter 
3] and [3]). Let J denote the ideal generated by all arrows in D of k{D,Q). If p is a 
non-empty subset of k{D, Q) and the ideal (p) generated by p satisfies J* C (p) C J^, 
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then k{D,Q)/{p) is called generalized path algebra with relations. If J* C (p) C J, then 
k{D,Q) /{p) is called generalized path algebra with weak relations. If Qa = ken for any 
i & I, then k{D, Q) is called a path algebra, written as kD. If Dq and Di are finite sets, 
then D is called a finite directed graph. 

Let r(A) denote the Jacobson radical of ring A. Let \S\ denote the number of elements 
in set S. Let Sij denote the Kronecker 5-function. Rings and algebras are possible without 
unity elements. 

1 Decomposition of generalized matrix rings 

In this section, we study the structure of generalized matrix rings. We find the relations 
among the decomposition of a ring, the complete set of pairwise orthogonal idempotents 
(possible infinite many) and generalized matrix rings. This generalizes the theory of direct 
sum decomposition of rings in [1] . 

Definition 1.1 If A is a ring and {en \ i & 1} Q A such that the following conditions 
are satisfied (i) euejj — SijCn for any i,j e /; (ii) for any x & A, there exists a finite 
subset F of I such that {J2iGF^ii)^ — ^iJZieF^u) — ('i'i'i') foi^ <3;n?/ i E I, then 

{cii \ i E 1} is called the complete set of pairwise orthogonal idempotents of A with index 
I. Moreover, if each en is a primitive idempotent (i.e. it can not he written as a sum 
of two non-zero orthogonal idempotents) , then {en \ i E 1} is called a complete set of 
pairwise orthogonal primitive idempotents of A with index I 

Remark : (i) Let {en | i G /} be a complete set of pairwise orthogonal idempotents of 
A. Assume that x & A and finite subset F C I such that x = {J2i(zF = x{J2i£F ^u) = 
X. If F' is a finite subset of / and F C F' , then x = {Y^i^f' ^n)^ = xiJZi&F' ^u) — 
Indeed, 

( X] ^")^ = ( H ^ii) en)x) = (( X] ^ii) ^ii))^ = ^ii)^ = ^■ 

ieF' ieF' iGF ieF' ieF iGF 

Similarly, x{J2ieF' ^u) = 

(ii) Let / be a non-empty set and A a ring with additive sub-groups Aij for any 
i,j e /. \i A = Y^ijei ^ij additive groups and AijAgt C 5j,^Aif for any i,j,s,t G /, 
then {Aij, \ i,j G /} is a F/ -system. Let A' denote the gm ring J2{Aij \ i,j G /} of 
Fj-system {Aij, | i, j G /}. Moreover, if An has a non-zero unity element en for any i & I, 
then A is the inner direct sum of {A^j, | i, j G /} as additive groups and A' is isomorphic 
to A under canonical isomorphism by sending {xij} to J2i,jei^ij {^ij} ^ 

In this case, A is called the inner gm ring of F/-system {Aij, \ i,j G /}, also written 
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A = \ hj ^ If we view each element in Aij as one in \ hj ^ -^}) then 

every gm ring can be viewed as an inner gm ring. Similarly, every inner gm ring can be 
viewed as a gm ring. 

Theorem 1.2 A has a complete set {su \ i & 1} of pairwise orthogonal idempotents 
with index I iff A — I hj £ is a gm ring with gm unit {en \ i & 1} and 

Aij = euAejj for any i,j e I. 

Proof. The sufficiency is obvious. We now prove the necessity. Assume that A has a 
complete set {en | i G /} of pairwise orthogonal idempotents with index /. Let Aij = 
enAcjj for any i,j G /. It is easy to check AijAgt C djsAn for any i,j,s,t G /. Thus A is 
an inner gm ring of {Aij | i, j G /} with gm unit {en \ i G /}. □ 

This theorem implies that an algebra A has a complete set of pairwise orthogonal 
idempotents iff is a gm ring with gm unit. 

Proposition 1.3 (i) If A has the non-zero unity element u then A has a complete set 
{en I i G /} of pairwise orthogonal idempotents with finite index I and J^iei^u — 

(a) If ring A has the non-zero unity element u and a complete set {en | z G /} o/ 
pairwise orthogonal idempotents with index I , then I is a finite set and J2iei — 

(Hi) If A is a finite dimensional algebra over field k, then A has the non-zero unity 
element iff A has gm unit. 

Proof, (i) Let / = {1} and u = en. 

(ii) Since A has a gm unit {ejj}/, by Theorem 1.2, A = J2{^ij \ hj ^ ^} is a gm ring 
with gm unit {cjj}/ and Aij = CnAcjj for any i.j G /. Let u = J^ijep'^ij with finite subset 
F of I and Uij G Aij for any i,j G F. Since u is the unity element of A, Aij = for any 
i ^ F or j ^ F. Thus F = I since en ^ for any i E I. For any s G / and Xgs G Ass^ since 
uXss = and XggU = Xgg, we have UgsXss = and x^gUgs = x^g- This implies Ugg = egg 
for any s E F. Next we show Uij = when i ^ j. On the one hand, u^u = Un. On the 
other hand, Unu = Y^sai'^a'^is- Consequently, Uij = for any i ^ j. 

(iii) If A has gm unit {cm}/, then / is finite since A is finite dimensional. It is clear 
that u = J2iei^ii is the unity element of A. The converse follows from (i). □ 

Proposition 1.4 If A is a left (or right ) artinian or noetherian ring with gm unit 
{^ii}i, then I is finite and J^i^i^u is the unity element of A. 

Proof. By Theorem 1.2, A — J2{Aij \ i,j G /} with A^j — enAejj for any i,j G /. 
If / is infinite, then there exists an infinite sequence ii, ^2, ■ ' ' ? ^n, ■ ■ ■ in I- Let Ai = 
Aei^i,, A2 = Ai + Aei^i^, • • • , A^+i = + • • •■ Obviously ^1 C A C • • • C 
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An C ■■■is an ascending chain of left ideals of A. Let Bi = J^jeijj^h ^^jjj ^2 = 

T.jei,jy^h,i2 ^^jj^ • • • ' ^n+i = Eie/jyii,i2,-,i„+i ^^jj any natural number n. Obviously, 
Bi D B2 D ■■■ D Bn D ■■■ is an descending chain of left ideals of A. We get a contradic- 
tion. Consequently, / is finite. □ 

Let AT I denote the category of all F/ -systems with gm unit, the morphism of two 
objects from {Aij \ i,j e /} with gm unit {eajj to {B^j \ i,j G /} with gm unit 
{e-j}/ is a set {fij}i, where fij is an additive group homomorphism from A^j to Bij with 
fij{xy) = fis{x)fsj{y) and fu{eu) = e^^ for any ij,s e I,x e A^^.y e A,j. Let QMi 
denote the category of all generalized matrix algebras with index I and gm unit, the 
morphism between the two objects is gm homomorphism. A gm homomorphism of two 
objects from A — \ 1} with gm unit {ejj}/ to B — | J £ 1} with gm 

unit {e^j}/ is a ring homomorphism f : A ^ B such that f{Aij) C B^j and f{eii) — e^j 
for any i,j e I. 

Proposition 1.5 ATj and QA4i are two equivalent categories. 

Proof. Let H : AFj ^ QMi by H{{A,,}i) = \i,je I}, H{{f,j}i) = (Bij^if^j 

for any morphism {fij}i from {Aij \ i,j E 1} to {B^j \ i,j E I}. Let G : — > ATj 
by h,J e /}) = {Ai}/ and G{f) = {fij}i with fij = /U,,. for any i,j e I. 

Obviously, HG — id and GH — id. □ 

2 Representations of generalized path algebras 

In this section, we study representations of the generalized path algebras. 

Definition 2.1 Let {Aij \ i,j e /} be an Vi-system with gm unit {ejj}/. For any 
i,j G /, Mi is an additive group and there exists a map (j)ij from Aij x Mj to Mi (written 
(f)ij{a,x) = ax) such that the following conditions are satisfied: 

(i) a{x + y) = ax + ay and (a -|- b)x — ax + bx. 

(a) {ca)x — c{ax). 

For any x,y E Mj,a,b G Aij,c G Agi, then {Mi \ i E 1} is called an {Aij}i- module 
system. 

Let Rep {Aijjj denote the category of {Aij}/-module systems. The morphism of two 
objects {Mi}i and {Ni}i is a collection {fi}i such that /j is an additive group homomor- 
phism from Mj to Ni with fi{aijXj) — aijfj{xj) for any aij E Aij,Xj E Mj. 

An A-module is called a local unitary 74-module if for any x E M there exists u E A 
such that ux — X. 
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Lemma 2.2 If A is a gm ring with gm unit {en}:, then M is a local unitary A-module 
iff M is an A-module with AM = M. 

Proof. Assume AM = M. For any x E M, there exist a^^^ E A.x^ E M such 
that X — Y.p=i O'^^ x^^'' ■ There exists a finite subset F oi I such that a^^^ E Y^ijeF^ij 
for p = 1,2, ■■■.n. Let u = J^i^p^u- We have that ux = M(Z]p=i,2,---,n ^^^^■'2;^^)) = 

Therefore, M is a local unitary A-module. Conversely, it is 
clear that AM = M when M is a local unitary 74-module. □ 

Lemma 2.3 Let A be a gm ring with gm unit {ejj}/. 

(i) If M is a local unitary A-module, then {Mj \ i E 1} is an {Aij}j-module system 
with BiiM = Mj. 

(a) If {Mi} I is an {Aij}i-module system, then the eocternal direct sum M 0/ {Mj}/ 
becomes a local unitary A-module under module operation ax — {J2sei '^is^s}i for any 
a = {aij}i E A, x^ {xi}i E M. 

Proof, (i) If M is a local unitary A-module. Set SuM — Mj for any i E I. It is clear 
that {Mj}/ is an {74jj}7-module system. Indeed, for any x,y E Mj, a,b E A^j and c E Agi, 
we have that a{x -\-y) — ax -\- ay, {a -\- b)x — ax -\- bx, {ca)x — c{ax) and sjjX — x. 

(ii) It is clear. Indeed, for any a — {ojj}/, b — {bij}i E A and x — {xi}i E M, it is 
easy to check {ab)x — a{bx). Since there exists finite subset F oi I such that 

we have that {Y^i^F ^u)^ — ^- Thus M is a local unitary A-module. □ 

Let A-M.LU denote the category of local unitary A-modules. every morphism of two 
objects M and is a homomorphism of A- modules. 

Theorem 2.4 Let A — Yi^ij \ hj ^ 1} be a gm ring with gm unit. Then Rep {Ajj}/ 
and A-M.LU are equivalent. 

Proof. Let H : Rep {A,,}j ^ ^MLU by H{{M,}i) = E{M, \ t E I}, H{{f,}i) = 
®iGifi for any morphism {/«}/ between two objects {Mj}/ and {Ni}j. Let G : A-M.LU — > 
Rep {A,} J by G{M) = {M,}/ with M, = e,,M for any t E I. G{f ) = {/,}/ with /, = /|m, 
for any morphism / between two objects M and A^. It is clear HG = id and GH = id. □ 

If A = J2{Aj M;J £ is a gm algebra over field k with gm unit {cjj}/, we can 
similarly define {Aj^ }/-module systems as follows. 

Let {Ajj \ i, j E 1} he a Tj -system over field k with gm unit {cjj}/. If for any 
i,j E I, Mi is a vector space and there exists /c-linear map (pij from Aij (g) Mj to Mj 
(written (j)ij{a,x) = ax) such that the following conditions are satisfied: 

(i) {ca)x — c{ax). 

(ii) ejjX = X, 

for any x E Mj, a E Aij, c E Agi, then {Mj | i e 7} is called an {Aj^}/- module system. We 
still use the two notations Rep {Aj^}/ and aM.LU to denote the corresponding categories. 
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Theorem 2.5 Let A = J2{^ij I hj ^ 1} be a gm algebra with gm unit. Then Rep 
{Aij}j and A-M.LU are equivalent. 

For a generalized path algebra k{D,Q,,p) with weak relations, let P — k{D,Q), N — 
(p) and Q — P/N. It is clear that the generalized path algebra k{D,Q,,p) with weak 
relations is a gm algebra, so its representation corresponds to {(5y}/-niodule system. 
That is. Rep {Qij}i and qAiLU are equivalent. However, we have a simpler category. 

A representation of {D, Q) is a set {V, f) —: {Vi, /« | is an unitary Qjj-module, 
fa '■ Vi ^ Vj is a /c-linear map, i,j & I, a is an arrow from j to i}. A morphism 
h : {V, f) — > {V, /') between tow representations of {D, Q) is the collection {hi}i such 
that hi : Vi Vl is a A;-linear map and hjfa — f^K for any arrow a : i — > j and i,j e /. 
Let Rep {D, Q) denote the category of representations of {D, Q). 

Lemma 2.6 Let P = k{D, fi) and Q = k{D, fi, p). 

(i) If {y, f) is an object in Rep {D,Q), then {Vi}/ is a {Pi j}i -module system un- 
der operation a ■ Vi^ = ai^ ■ fx,^,^{ai, ■ (/^,^,^ ■ ■ ■ /x,„_^i„ (ai„ • ViJ)) for any Q-path a = 
O'io-^ioii(^ii-^iii2 ' ' ' •^in-iin^in fi"om Zq to "i^ and Vi^ G Vi^. 

(a) If {Vi}i is a {Pij}j-module system, then (V, f) is an object in Rep {D,Q) under 
operation fxij{vj) = Xij ■ Vj for any arrow Xij G Pij and vj G Vj. 

Proof, (i) It is sufficient to show that 

(a/?) • XjJ (*) 

for two Q- paths a = fljga;j(,jjaj-^Xj-^j2'^i2'^i2«3 ' ' ' ■^in-iin'^in and 

P = Kyjoh^hyhhKyhh ■ ■■yjm-dJ^j^ of d with i„ = jo- 

When al3 ^ 0, i.e. aijij^ ^ 0, q;/3 is an Q-path. By definition, (*) holds. When 
q;/3 = 0, i.e. aijjj^ — 0, q;/3 is not an Q-path. Obviously the left side of (*) =0. 

The right side of (*) = a- {bj, ■ fy.^.^ {bj, ■ fy.^.^ (• • • fy,^_^,^ {h^ ■ ViJ))) 

— O«o ■ fxigi^ (^n ■ /li^ij (■ ■ ■ 

= 0. 

Consequently, (*) holds. 

(ii) It is obvious. □ 

Combining Lemma 2.6 and Theorem 2.5, we have 
Theorem 2.7 Rep (-D,Q) and k(^D,n)M.LU are equivalent. 
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For a representation {V, f) in Rep {D,Q) and any element a G k{D,Q), by Lamma 
2.6 and Theorem 2.5, (V, /) can be viewed as k{D, r2)-module, so for any a G k{D, Q), we 
write fcr'.V^Vhj sending x to a ■ x for any x E V. Let Rep {D, Q, p) denote the full 
subcategory of Rep VL) whose objects are {V, /) with fa = for each a E p. 

Lemma 2.8 Let P = k{D, Q) and Q = k{D, Q, p). 

(i) If {V, f) is an object in Rep {D,D,,p), then {V^}/ is a {Qij}i-module system under 
operation induced by operation of {Pij}- module system in Lemma 2.6. 

(a) If {yi\i is a {Qij}i-module system, then (V, /) is an object in Rep {D, p) under 
operation fxij{vj) — Xij • Vj for any arrow Xij G Pij and Vj G Vj. 

Theorem 2.9 (i) Rep {D,Q,p) and k{D,n,p)M.LU are equivalent, 
(a) If D is finite (i.e. I is finite and the number of arrows between any two ver- 
texes is finite ), then f.d. Rep {D,Q,p) and f.d.^Dp^ p^M-LU are equivalent. Here, f.d.Rep 
{D,Q,p) and f.d.k(D,Q.p)^LU denote the full subcategories of finite dimensional objects 
in the corresponding categories, respectively. 

3 Generalized path algebras 

In this section, we characterize the generalized path algebras with weak relations by some 
algebras which can be lifted with nilpotent Jacobson radical. 

li V = U (BW as vector spaces and x E V, then there exist a E U and b E W such 
that X — a + b. For convenience, we denote a and b by xu and xw, respectively. 

Lemma 3.1 Let A be an algebra and N an ideal of A. Then the following conditions 
are equivalent: 

(i) There exists a subalgebra A of A such that A — A ® N as vector spaces. 

(a) The canonical homomorphism tt : A ^ A/N is split in the category of algebras, 
i.e. there exists an algebra homomorphism ^ : A/N ^ A such that tt^ = id\/N- 

Proof, (i) ^ (ii). Define ^ : A/N ^ Ahy sending ^{x + N) = xa for any x = 
xa + xm E A with Xa E A,xn E N. It is clear that ^ is an algebra homomorphism and 
TT^ = id. 

(ii) =^ (i). Obviously A^A®N with A = Im^. □ 

We say that an algebra A can be lifted ii A — A® r(A) with subalgebra A ^. 

Lemma 3.2 Let A be an algebra, N an ideal of A and A a subalgebra of A. If A — 
A®N, thenA/B = {A + B)/B®{N + B)/B for any ideal B of A with B Q A or B Q N . 

^This concept was introduced by Fang Li. 
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Proof. For any x = xa + Xn G A with xa & A and xn G N, x = x + B = 
{xa+B) + {xn+B) e A/5 with (xa+B) e {A+B)/B, (xn+B) e {N+B)/B. This imphes 
that X/B = {A + B)/B + {N + B) /B. Assume B <Z A. then {A/B) n ((A^ + B) / B) = 
and A/B = A/B ® {N + B)/B. Similarly, when 5 C iV, K/ B = {A + B)/B® N/B. □ 

Lemma 3.3 Let A he an algebra, N a nilpotent ideal of A and A a subalgebra of A. 
Assume A — A Q) N as vector spaces. If {enji is a complete set of pairwise orthogonal 
idempotents of A, then {eii}i C A. 

Proof. We first show that if e is idempotent in A with e — eA + and ca & A,eiy E N, 
then ba is idempotent. Indeed, since ee — e and N is an ideal of A, we have caGa + 
i^A^N + ^N^N + ^n^a) — ga + ^n, which implies that ca^a — &a- 

Next we show that if e and / are pairwise orthogonal idempotents of A, then so are ca 
and fA- Indeed, since ef = 0, i.e. ca/a + (cA/iv + cat/a + e^v/iv) = 0, we have ba/a = 0. 
Similarly, /aBa = 0. 

We now show that each en e A by induction for m, where N'^ — 0. 

When m = 1, = 0. In this case, {en) a — en E A for any i e I. 

Assume now that the claim holds when m < I and we show that the claim also holds 
when m = Z + 1. Let A = A/NK By Lemma 3.2, A ^ {A + N^)/N^ N/NK It is clear 
{eii}i is a complete set of pairwise orthogonal idempotents of A/NK By the inductive 
assumption, en e A, i.e. {en)N £ A^' for any z e /. 

For any x E A, there exists a finite subset F ol I such that 

x = {^en)x and XA = {^en)xA- (1) 

By (1), 

= {^{^ii)N)xA and Xa = {Yl,{^ii)A)xA- (2) 

i&F ieF 

Since {Y.ieF{eii)N)xN e A^'+' = 0, (EieF(en)iv)a^iv = 0. By (1) and (2), 

= CEj{en)A)xN- (3) 

ieF 

Combining (2) and ( 3), we have that x = {J2ieF{^ii)A)x. Similarly, x = x(J2ieF{^ii)A)- 
Consequently, {(ejj)A}/ is a complete set of pairwise orthogonal idempotents of A. Since 
Cn and {en)A are the unity element of An, en = {en)A £ A for any i e /. □ 
By Lemma 3.3, we have immediately: 

Lemma 3.4 Let A be an algebra with non-zero unity element u, N a nilpotent ideal of 
A and A a subalgebra of A. If A — A® N as vector spaces, then u E A. 
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Lemma 3.5 Let A be a subalgebra of A and A = A(Br with nilpotent Jacobson radical 
r = r(A). Let B = {r„ \ u E U} C r. If B = {f^ \ u E U} generates r/r"^ as A/r-modules, 
then AU B generates A as algebras. 

Proof. Since r nilpotent, there is m such that r"* = 0. We use induction on m. It 
is obvious that r = and A = ^ when m — 1. When m — 2, we have that r'^ — and 
r = r/r^. Thus B — B generates r as A/r-modules. That is, r = J2ueu ^'^'u — J2ueu ^'^'u 
and A — A + r — A + J2ueu -^"^u- This proves our claim for m = 2. 

Assume now that the claim holds when m < I { where I > 2) and we show that the 
claim also holds when m — I + 1. Let W denote the subalgebra generated hy AU B as 
algebras in A. For A = A/r', by Lemma 3.2, A—{A + r^^jr^ © r/rK It is clear r(A/r') = 
r/rK Indeed, obviously r/r' C r(A/r'). Since (A/r')/(r/r') ^ A/r, r(A/r') C r/rK 
Thus r(A/r') = r/rK Let (j) : A/r^ (A/r')/(r^/r') be the canonical isomorphism, i.e. 
(t){x + r^) — {x -\- r') + (r^/r') for any x e A. See 

{r/r^)/(r'^/r^) = (i){r/r'^) 

— 0(y^ (Ar^) + r^) by assumption 

= (^(Ar„ + rO + (rVr'). 

Therefore, {r„-|-r' | w e C/} generates {r / r'') / {r"^ / r^) as (A/r')/(r/r')-modules. By induc- 
tion assumption, we have A/r' = {W -\- r'')/r^. 

Let X e A. There is y e 1^ and 2; e r' such that x — y — z. Since Z > 2, there exist 
ctj e r'~^, /3i e r for i = 1, 2, • • • , n such that z — J^oiiPi- Again using A/r' = (VF-|-r')/r', 
we have that there are ai,bi e W, Ui,Vi e r' such that ai — Ui + Ui and /3j = hi + Vi, so 
tti — ai — Ui & r'~^ and hi — Pi — Vi & r for any i = 1, 2, • • • , n. By computation and 
r'+^ = 0, we have x — y eW and x e VF. We complete the proof. □ 

Recall that J is the ideal generated by all arrows in D of k{D, Q) and J is the ideal 
J/(p) oik{D,n,p). 

Lemma 3.6 ^ If J* C (p) for some t, then r{k{D, il, p)) = J 

Proof. Let P = k{D,n) and Q = k{D,n,p). Obviously Q/J ^ P/J ^ E{Pij/Jij I 
i, j e /}. It is clear that = Jij when i 7^ j and Pa/ Ju = Qji. Thus r{k{D, fi, p)) C J. 
Conversely, since J* C (p) for some t, J is nilpotent and J C r{k{D, Q, p)). □ 

Lemma 3.7 Let A he an algebra. 
^The lemma was proved by Fang Li. 
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(i) If f is an algebra homomorphism from k{D,fl) to A, then f\n is an algebra ho- 
momorphism and f{xij) = f{e-ii)f{xij) = f{xij)f{ejj) for any arrow Xij from i to j and 
hJ e /. 

(a) If f is a map from QUDi to A and f\n is an algebra homomorphism with f{xij) = 
f{Gii)f{xij) = f{xij)f{ejj) for any arrow Xij from i to j and i,j G /, then there exists 
(unique) algebra homomorphism / : k{D,iT) A such that f\a^Di= f ■ 

Proof, (i) It is obvious. 

(ii) Let P denote the generalized path algebra k{D,Q). For any i,j e I and gener- 
alized path a = ai„.T,„,:./Xj.^x,:.^,, • • ■ a,^^_^x,^^_^,,^a,,^ from if, = i to i„ = j, define fij{a) = 
f{aio)f{xioh)f{ai,)f{xi,i^) ■ ■ ■ f{ai^_,)f{xi^_,ijf{aij. We get a /c-linear map fij from Pij 
to A. Now we show 

fisiaP) = fiAa)fjsm (*) 
for two Q- paths a — aigXigi^ai^Xi^i^ai^Xi^i^ ■ • ' Xi^_^i^ai^ and 

P = bjoVkh^hyhh^hyhh ■ ■ ■ yjm-dmbjm of D with in = jo = j, io = i and jm = s. When 
aP 7^ 0, i.e. ai^bjg ^ 0, q;/3 is an Q-path. By definition, (*) holds. When q;/3 = 0, i.e. 
aij)jg — 0, q;/3 is not an Q-path. Obviously the left side of (*) =0. 

The right side of (*) = f{aio)f{xigi,)f{ai,)f{xi,i,) ■ ■ ■ f{ai„_,)f{xi„_,ijf{aij 

fibjo)fiyjoh)fibh)f{yhj2)fibj2)f{yj2j3) ■ ■ ■ fiyjm-dJfibjJ 

= 

Consequently, (*) holds. For any i,j G /, fij naturally becomes a fc-linear map from Pij 
to A with fijixisVsj) = fis{xis)fsj{ysj) and f{xis) = f{eii)f{xis) = f{xis)f{ess) for any 
Xis G Pis and ysj G Pgj and G /. Let / = ®i,j£ifij- This / fulfills our requirement. 

□ 

Now we give our main theorem. 

Theorem 3.8 Algebra A can be lifted with nilpotent Jacobson radical r = r(A) and has 
gm unit {e-^}/ with each in the center of A — A/r iff A is isomorphic to a generalized 
path algebra with weak relations. 

Proof. Assume that A — A ® r with nilpotent Jacobson radical r = r(A) and 
subalgebra A. By Lemma 3.3, G A for any i & I. Let Cu — e^j = e^^ + r in A/r 
for any i G /. By Lemma 3.1, we have that tt^ = id, where tt : A — > A/r(A) is the 
canonical homomorphism and ^ : A/r (A) — > A is an algebra homomorphism by defining 
^{x + r) — xa for any x — xa + Xr G A with xa & A and Xr G r. Let — eii{A/r)eii. 
Obviously {eii}i is gm unit of Q and r(Q) = 0. For any i,j G /, let Bij C e'^fe'^j — rij 
such that Bij —: {x — x + r"^ \ x E Bij} C r/r^ is the /c-basis of e!j^^{r /r'^)e'jj — eii{r/r'^)ejj. 
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We now construct a generalized path algebra k{D, Q). Let / be the vertex set of D and 
Bij all of arrows from i to j. Next we define an algebra homomorphism : k{D,Q) ^ A 
by ^\n= ^ and ^p{x) = x for any arrow x from i to j. Indeed, since ^{ea) = e[^, we have 
(p{xij) = Xij and 'p{eii)'^{xij) = C.{eii)ip{xij) = e'^^Xij = Xij, so ip{xij) = (f{eii)(f{xij) for any 
arrow Xij from i to j and i,j e /. Similarly, (p{xij) = ip{xij)ip{ejj) for any arrow Xij from i 
to j and i, j e /. By Lemma 3.7, (p can become an algebra homomorphism from k{D, fl) to 
A. Since B^j is a A;-basis of euij- /r'^)ejj for any i,j e / and r/r^ = f^/f^"^ 
is generated by Uij^jBij as A/r-modules. By Lemma 3.5, A is generated by AU{Uij^iBij) 
as algebras. This proves that cp is surjective. 

We now consider N —: kenp. Assume r* = 0. Since </?(J) C r, </'(J*) = 0. Thus 
J* C A?". For any x e A;er</7, obviously, there exist a e and a & J such that x = a + ct. 
Thus = ip}{x) — (p{a) + ip{x) — ^{a) + ip{x). Considering (/?( J) C r and A = A ® r, we 
have a — 0. C N C J has been proved. 

Conversely, assume that A is a generalized path algebra k{D,D,, p) with weak relations. 
Let P = k(D, n),Q^ k{D, Q, p) and N ^ (p). Since P = Q J and (p) C J, by Lemma 
3.2, we have that Q — P/{p) — ^/{p) ® J/{p)- By Lemma 3.6, the Jacobson radical 
r{Q) — J. Thus Q can be hfted. r((5)* = J* = since J* C A?". Since {e^i}/ is a 
complete set of pairwise orthogonal idempotents of P, {cij + A^}/ is a complete set of 

pairwise orthogonal idempotents of Q. Obviously, Q'^P/J^Q/Ja,s algebras and 
0201 (cji) = {en + N) + J for any i e 7. Since en is in the center of Q, {en + A^) + J is in 
center oi Q/J for any i e 7. □ 

Example 3.9 Let D be a directed graph with vertex set 7 = N o/ natural numbers and 
only one arrow Xi^i^i from i to i + 1 for any i & I. Let Qn = Mi{k), the matrix algebra of 
all {i X i)- matrices over k for any i E I. Set 

p= {x\x = Xi^i+iXi+i^i+2Xi+2,i+3 is a path from i to i + 3,i e I}U {xi^2}- 
Then k{D, fl) / {p) is a generalized path algebra with weak relations. 

Corollary 3.10 A can be lifted with nilpotent Jacobson radical and with non-zero unity 
element iff A isomorphic to a generalized path algebra with one vertex and with weak 
relations 

Proof. The sufficiency follows from Theorem 3.8 and its proof. We now show the 
necessity. Let u be the unity element of A. Obviously, {u\ is a gm unit of A and u is in 
the center of A = A/r(A). By Theorem 3.8 and its proof, A isomorphic to a generahzed 
path algebra k{D, Q, p) with one vertex and with weak relations. □ 
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Lemma 3.11 Let A = A (B r with subalgebra A and with nilpotent Jacobson radical 
r = r(A). If A has the non-zero unity element u and {ejj}/ is a complete set of pairwise 
orthogonal idempotents of A = A/r, then {(eji)^}/ is a complete set of pairwise orthogonal 
idempotents of A. 

Proof. Let ^ : A/r — > A by sending x + r to xa for any x E A. Since ^ is an algebra 
homomorphism, we have that {(ejj)^}/ is a set of pairwise orthogonal idempotents. By 
Proposition 1.3 (ii), / is finite and u — J2iei^n- By Lemma 3.4, u & A. Thus u — 
J2iei{^ii)A and {(eji)^}/ is a complete set of pairwise orthogonal idempotents of A. □ 

It is well known that, for any algebra A, if A/r (A) is a left (or right) artinian algebra 
with non-zero unity element, then, by Wedderburn-Artin Theorem, A/r (A) = Si © S2 © 
■ ■ - (BBn as algebras and Bi is a simple subalgebra of A/r (A) for any i e / = {1. 2, • • • , n}. 
The number n is called the Wedderburn-Artin number of A, written as ^^^^(A). If A/r(A) 
is not an artinian algebra with unity element, then we write nwA{-^) — 00. 

Corollary 3.12 (i) If k{D,fl, p) is a generalized path algebra with weak relations, then 
\Do\< nwA{k{D,^,p))- 

(ii) Let A can be lifted with nilpotent Jacobson radical r and with non-zero unity 
element. If A/r = Bi®B2®- • -(BBn as algebras and Bi is a non-zero subalgebra of A/r {A) 
for i e / = {1, 2, • • • , n}, then A isomorphic to a generalized path algebra k{D, fl, p) with 
weak relations and flu — B^ for i & I — Dq. 

(Hi) Let A can be lifted with nilpotent Jacobson radical r and with non-zero unity 
element. //A/r(A) is artinian, then for any natural number m < nwAiA), A isomorphic 
to a generalized path algebra k{D, Q, p) with weak relations and \Dq\— m. 

Proof, (i) Let P = k{D,n), N = (p) and Q = P/N. If Q/r{Q) is artinian with unity 
element, then, by Wedderburn-Artin Theorem, Q/r{Q) = Bi® B2® ■ ■ ■ ® Bn as algebras 
and Bi is a simple subalgebra of Q/r{Q) for any i e {1, 2, • • • , n}. It is clear that 

®i^iVLii = Bi® B2® ■ ■ ■ ® Bn as algebras. 

This implies that 

®ia^ii = B[®B2®---®B'^ as algebras , 

where is a simple subalgebra of Q for i = 1, 2, • • • , n. Considering B[, B2, ■ ■ ■ , B'^ are 
simple subalgebras, we have that each 0.^ is a sum of some of {B[, B'^, - ■ ■ , B'^. Thus 
\I\^\Do\< n = nwA{Q)- 

li Q/r{Q) is not an artinian algebra with the unity element, obviously |-Do|< nwAiQ) 
since nwA{Q) — 00. 
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(ii) Let A = A(Br with subalgebra A and en be the unity element of Bi for any i E I . 
Obviously, {e^j}/ is a complete set of pairwise orthogonal central idempotents of A/r. Let 
e^j G A such that e4 = Cjj for any i E I. By Lemma 3.11, {(e^^}/ is a complete set of 
pairwise orthogonal idempotents of A. By Theorem 3.8 and its proof, A is isomorphic to 
k{D,fl,p) with weak relations and flu = Bi ior i E I = Dq. 

(iii) By Wedderburn-Artin Theorem, K/r{K) = Bi® B2® ■ ■ ■ ® B^ a.s algebras and Bi 
is a simple subalgebra of A/r(A) for any i e {1, 2, • ■ ■ , n} with n = nwA{-^)- Let B[ = Bi 

for i = 1, 2, • • • , m - 1 and = 5^ H h -B„. Obviously, A/r(A) = B[® B'^® ■ ■ ■ ® B'^ 

as algebras. By (ii), A is isomorphic to k{D,Q,,p) with weak relations and \Dq\— m. □ 

Corollary 3.13 A is isomorphic to a generalized path algebra with weak relations when 
one of the following conditions holds: 

(i) A is a finite dimensional algebra with non-zero unity element over a perfect field k 
(e.g. the characteristic of k is zero or k is a finite field ). 

(ii) A is a finite- dimensional separable algebra with non-zero unity element. 

(iii) A is an algebra over a field k with non-zero unity element and nilpotent Jacobson 
radical, and sup{n \ i7^(A, M) 7^ for some A-bimodule M} < 1 (see [4, Definition 

1141). 

Proof. It follows from the famous Wedderburn-Malcev Theorem (see [4, Theorem 
11.6 and Corollary 11.6]) that A can be hfted. We complete the proof by Corollary 3.10. 
□ 

Corollary 3.14 Let k be a perfect field. 

(i) A is a finite dimensional algebra with non-zero unity element iff A is isomorphic to 
a generalized path algebra k{D,fl,p) of finite directed graph with weak relations and with 
dim f2 < 00. 

(ii) If A is a finite dimensional algebra with non-zero unity element over field k, then 
A is isomorphic to a generalized path algebra k{D,Q,p) of finite directed graph with weak 
relations and Qn = Bi for any i E I = {1,2, ■ ■ ■ ,n}. Here 

A/r = Bi ® B2 ® ■ ■ ■ ® Bn as algebras and B^ is a simple subalgebra of A/r for any 

i e /. 

(Hi) If A is a finite dimensional algebra with non-zero unity element over field k, then 
for any natural number m < uwa^A), there exists a generalized path algebra k{D,fl,p) 
with weak relations and \Do\ — m. 

Proof, (i) A is a finite dimensional algebra with non-zero unity element over field 
k, then A is isomorphic to a generalized path algebra of finite directed graph with weak 
relations and dim Q < 00 by corollary 3.13 and the proof of Theorem 3.8. Conversely, 
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assume A = k{D,Q,p) is a generalized path algebra of finite directed graph with weak 
relations. Let P = k{D, Q), Q = k{D, Q, p) and N = (p). For any i, j G /, Qij is spanned 
by {[a] + I « is a generalized path from i to j with l{a) < t} since J* C (p). However, 
{[a] I q; is a generalized path from i to j with /(a) < t} is spanned by finite elements 
since Vt is finite dimensional. Consequently, Q is finite dimensional. 

(n) By [4, Corollary 11.6], A can be fifted. Obviously the Jacobson radical r is nilpo- 
tent. By Wedderburn-Artin Theorem, A/r = i?i © i?2 © • • • ® -B„ as algebras and Bi is a 
simple subalgebra of A for any i e / = {1, 2, • • • , n}. Using Corollary 3.12(ii), we complete 
the proof. 

(ui) It follows from Corollary 3.12(iu) and [4, Corollary 11.6]. □ 

Example 3.15 Let k be the complex field or real field and A the matrix algebra M^ik) 
of all {n X n)- matrices over k. Then it follows from Corollary 3.14 that A is isomorphic 
to a generalized path algebra k{D,fl,p) of finite directed graph with weak relations and 
with dim fl < oo. 

An algebra A over field k is called a generalized elementary algebra if A/r(A) = (BieiBu 
as algebras with Ba — k for any i e 7. A finite dimensional generalized elementary algebra 
with unity element is called an elementary algebra. 

Corollary 3.16 A is a generalized elementary algebra which can be lifted with nilpotent 
Jacobson radical r — r(A) and has a complete set of pairwise orthogonal idempotents iff 
A is isomorphic to a path algebra with relations. 

Proof. The sufficiency follows from Theorem 3.8. We now show the necessity. Assume 
that A = A®r and A/r = (Bieikcu as algebras, where A is a subalgebra of A and r is the 
Jacobson radical of A. Obviously, {ejj}/ is a complete set of pairwise orthogonal central 
idempotents of A = A/r. Let ^ : A/r — > A by sending x + r to Xa for any x E A. Since 
^ is an algebra homomorphism by Lemma 3.1, we have that {(ejj)^}/ is a set of pairwise 
orthogonal idempotents. However, A = {J2i£i k{eii)A) + r. For any x G (J2i£i ^(cn)^) fir, 
there exist ai & k such that x = J2iei <^i{^ii)A- Since = a; = X^ie/ C(i{^ii)A, we have = 
for any i e I. This imphes a; = and A = {J2i£i ^(en)yi) © r. Since {J^iei k{eii)A) ^ A, 

Let {e^j}/ be a complete set of pairwise orthogonal idempotents of A. By Lemma 3.3, 
{e-j}/ Q A — J2i£i k{en)A- Since {e-j}/ is a complete set then so is {(eii)^}/- By Theorem 
3.8, A is isomorphic to a path algebra with weak relations. 

It remains to show kenp C J^, where (p is the same as in the proof of Theorem 3.8. 
For any x G ker(fi, obviously, there exist y & J, y ^ and z & such that x — y + z. 
Thus = (p{x) — (p{y) + (p{z) and (p{z) G r^. Thus <p(y) G r^. Since y E J and y ^ J^, 
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there are mutually different arrows Xi,X2, ■ ■ ■ , x„ such that y = Ylp=i OLpXp with Op E k 
for p = 1, 2, ■ ■ ■ , n. Notice Xi,X2, ■ ■ ■ ,Xn G Ui^j^jBij, where Bij is the same as in the proof 
of Theorem 3.8. See that = ^p{y) = J2p=iapXp in r/r^. However, {xi,X2, ■ ■ ■ ,Xn} is 
independent, so ctp = for p = 1, 2, ■ ■ ■ , n. This implies y = 0. Consequently, kerip C J^. 
□ 

There exist generalized elementary algebras whose Jacobson radicals are not nilpotent. 

Example 3.17 Let D be a directed graph with vertex set I — N of natural numbers 
and only one arrow from i to i + 1 for anyi e /. Path algebra kD is an elementary algebra 
since its Jacobson radical r{kD) is J. However, r{kD) is not nilpotent. 

It immediately follows from Corollary 3.16 that 

Corollary 3.18 A is an elementary algebra which can be lifted iff A is isomorphic to 
a path algebra of finite directed graph with relations. 

Remark: In the above corollary, we require the condition that A can be lifted, but 
this was not mentioned explicitly in [2, Theorem 1.9]. Assume that A/r = (Bi=i,2,---,nkeii 
as algebras. It is clear that there exists a complete set {e'-.- | i = 1, 2, ■ ■ ■ , m} of pairwise 
orthogonal primitive idempotemts of A. In the proof of [2, Theorem 1.9], the condition 
m = n was used without proof. However, this condition implies that A can be lifted. 
Indeed, since e',- is non-zero idempotent, ^ r for any i = 1,2, ■••,n. Thus {e-j | 
i = 1,2, ■■■,n} is linear independent in A = A/r. Consequently, A/r = (Bi=i,2,---,nkeii = 
©i=i,2,-,nfce-j. It is easy to check A = {(Bi=i,2,-,nke[^)®r and (©i=i,2,-,n^e-j) is a subalgebra 
of A. That is, A can be lifted. □ 

Finally we give the gradations of the gm algebras and the generalized path algebras. 

Proposition 3.19 (see [7, Proposition 2.1]) Let A — j £ 1} be a gm algebra 

and G an abelian group. If there exists a bijective map (f) : I ^ G, then A is an algebra 
graded by G with Ag — J2<t>{i)=(t>{j)+g Aij for any g & G. In this case, the gradation is called 
a generalized matrix gradation, or gm gradation in short. 

Proof. For any g,h E G, see that 

Ag^h = ( E E ^st) 

4>{i)='t>{j)+9 4>{s)=4>{t)+h 

^ E Ai^^-i^^^t)+h))A^-ii^^{t)+h),t 

<t>{i)=fHt)+h+g 

Q Ag+h. 

Thus A — Y.{Aij I i, j e 7} = Y^g^a^g is a G-grading algebra. □ 
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Proposition 3.20 (i) Let Q = k{D,Q,p) be a generalized path algebra with weak 
relations. If Dq is finite, then Q has a gm gradation by when m < Dq. 

(a) Assume that A can be lifted with nilpotent Jacobson radical r and with non-zero 
unity element. // A/r(A) is artinian, then for any natural number 7^ m < tiwa^^), A 
has a gm gradation by Z^. 

(Hi) If A is a finite dimensional algebra with non-zero unity element over perfect field 
k, then for any natural number m < nvy^(A), A has a gm gradation by Z^. 

Proof, (i) Assume Dq — {1, 2, • • • , n}. Let e^j — sa ior i — 1,2, ■ • • m — 1, e'^^ — 
Gmm+' • •+enn- It IS clear that {e^j} is a complete set of pairwise orthogonal idempotents of 
Q with e^j in the center of Q/r{Q) since Cjj is in the center of Q/r{Q) for any i = 1, 2, • • • m 
and j — 1,2, - ■ ■ ,n. By Theorem 3.8, Q can be hfted. It follows from Theorem 3.8 that 
Q is isomorphic to a generalized path algebra with weak relations and with m vertexes. 
By Proposition 3.19, Q has a gm gradation by Zj„. 

(ii) It follows from Proposition 3.19 and Corollary 3.12 (iii). 

(iii) It follows Corollary 3.14 and Proposition 3.19. □ 
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